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Introduction
Expectations about future values of inflation and other economic variables play a central role in macroeconomic models. Theoretical research can provide precise information about the type of expectations that should affect the economy (of firms, households, policymakers, etc.) and specify the way in which these expectations should be formed (from rational expectations to alternative forms of bounded rationality). However, expectations cannot be directly observed from the data, which implies that the recommendations of the theoretical model are often difficult to translate into empirical research. It is then not surprising that the question of how to measure expectations has been at the center of a long stream of research in empirical macroeconomics. One branch of this literature, which builds upon the original work of McCallum (1976) , has focused on the development of econometric-based measures that can be employed to approximate expectations in the models to be estimated. Another approach, which has become increasingly common in recent years, is to use survey data, or other measures that can be extracted from the observable data, as a proxy for expectations. This paper is related to the literature concerned with the measurement of expectations in models of the New Keynesian Phillips Curve (NKPC). In particular, this work contributes to the branch of research that examines the extent to which observable measures of expectations are able to approximate their model-consistent counterparts (see, among the others, Roberts 1995; Nunes 2010; Coibion and Gorodnichenko 2015; Coibion et al. 2017; Lopez-Perez 2017) . The paper follows along the lines of this literature, and in particular it builds upon Coibion and Gorodnichenko (2015) . As in these previous contributions, I take the NKPC model and its predicaments seriously. However, I use a very different methodological approach. Most of the works in this area are focused on the analysis of the model fit to the data when alternative proxies for expectations are used in the estimation. Instead, I employ an econometric framework and Bayesian methods to reverse engineer the path of inflation expectations implied by the NKPC and the data. I then compare this path to several available measures of inflation expectations. The questions of interest in this paper are: 1. In the context of a NKPC model, what path of expectations emerges from the data? And, in more detail, what does this path look like? What are its time series properties? 2. Is this path similar to the expectations that we can observe from surveys or compute from the data? This paper is not the first one to treat expectations as unobservable variables and to estimate their path using an empirical framework and the data. Previous contributions have adopted this approach to study trend inflation and long run inflation expectations (see, in particular, Kozicki and Tinsley 2012; Chan et al. 2015; and Stock and Watson 2016) , using frameworks that are built upon the econometric model of Stock and Watson (2007) . The strategy employed by some of the contributions in this area is to exploit survey data on expectations to back-up estimates of the parameters of the model (as for instance in Nason and Smith 2013; Mertens 2016; Mertens and Nason 2017) . The empirical model of expectations used in this paper is less general than the frameworks adopted in this literature, and it is dependent on the equation of the NKPC. However, the model is estimated using a more unrestricted approach, in which the path of expectations is obtained jointly with all the other parameters of the model. The framework employed in this paper is closer to Blanchard (2016) . However, Blanchard (2016) uses the model to study the changes over time in the parameters of the Phillips Curve, while I am most interested in estimating the unobservable expectations and in computing their correlation with the available data on inflation forecasts. Methodologically, the Bayesian procedure adopted in this work follows the approach used by Primiceri (2006) to estimate the unknown natural rate of unemployment.
The results show that the estimated expectations are relatively persistent, and that they are not characterized by permanent shifts over time. The estimated path resembles the data from various surveys, especially in some parts of the sample. In particular, the paper finds that household expectations are strongly correlated with the model-consistent expectations that emerge from the NKPC. This result confirms the conclusions of Coibion and Gorodnichenko (2015) . The estimated slope of the Phillips curve, and its changes over time, are also in line with the values obtained in the previous literature (Coibion and Gorodnichenko 2015; Blanchard 2016) . Finally, I find evidence of the anchoring of long run inflation expectations to a value that is in the range of the target inflation rate, which is consistent with the conclusions of Bernanke (2010) and Svensson (2015) .
It is worth remarking that the analysis performed in this paper is not normative, in the sense that the econometric model used to estimate expectations does not make any structural assumptions about the way in which expectations are formed. This implies that the results of this study cannot be directly employed for monetary policy analysis, because the framework that I adopt cannot make any statements about how expectations would change following a change in policy. However, the results of this paper, in particular those related to the relationship between the estimated expectations and the available survey data, are relevant, and can be exploited, in the research using the NKPC for normative monetary policy analysis.
The remainder of the paper is organized as follows. Section 2 describes the model and Section 3 outlines the empirical strategy used to estimate its parameters and the unknown inflation expectations. Section 3 discusses the results and compares the estimated path of expectations to the available data on inflation forecasts. Section 4 concludes. The Appendix A provides more details about the Bayesian empirical procedure and its implementation.
The Model
The model is a standard expectations-adjusted New Keynesian Phillips Curve (NKPC), the specification that I employ is the same as in Coibion and Gorodnichenko (2015) and Svensson (2015) :
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In this equation, π t is the inflation rate, π e t is expected inflation, x t is a measure of "slack", such as the unemployment or output gap 1 , and e t is a N 0, σ 2 e shock. The basic NKPC is augmented of an empirical model for expectations:
where v t and s t are N(0, σ 2 v ) and N(0, σ 2 s ) innovations, respectively. I assume that E (v t s t ) = 0, E (e t s t ) = 0, and E (e t v t ) = 0. Frameworks similar to the one described by (2) and (3) have been previously employed in the literature to characterize the path of inflation expectations (for instance by Blanchard 2016) but also other unobservable variables, as the natural rate of unemployment (Staiger et al. 2001; Primiceri 2006 ).
The econometric model for π e t defined by (2) and (3) is relatively simple, but flexible enough to be able to reproduce several of the features that could potentially be present in the time series path of this variable. More specifically, the parameter ρ can measure the autocorrelation of inflation expectations over time, the innovation v t can capture transitory variations in expectations, while permanent shifts can be reflected by changes in the time-varying intercept δ t . The intercept δ t can be viewed as related to the expected long run inflation rate π * t according to the relationship: δ t = (1 − ρ)π * t . Thus, variations in δ t can further be interpreted as revisions in agents' long run inflation expectations. 2 The path of π e t is estimated jointly with the parameters of the econometric model defined by (2) and (3), the history of δ t , and the parameters of the NKPC (1), using the observable data for π t and x t . Thus, the time series of inflation expectations emerging from this estimation procedure will reflect the information carried by the data, "filtered" through the structure of the NKPC.
Estimation
The model is estimated using data for the U.S. The inflation rate is the annualized log difference in the quarterly CPI (Consumer Price Index). The measure of "slack" x t is the unemployment rate gap u t − u N t , where u t is the civilian unemployment rate while u N t is the CBO measure of the short-term NAIRU. 3 The choice of the variables to be used in the estimation follows Coibion and Gorodnichenko (2015) , and allows the results to be comparable; however, robustness checks performed replacing the CPI with core or headline PCE (Personal Consumption Expenditure) delivered comparable results. The data are quarterly and go from 1959 : I I to 2017 : I I I. 4 The main analysis uses observations from 1968 : I to 2017 : I I I, while data from 1959 : I I to 1967 : IV are used to set the parameters of the prior distributions in the Bayesian estimation procedure.
As previously explained, in the second part of the analysis I compare the estimated path of π e t to observable data on inflation forecasts. Following Coibion and Gorodnichenko (2015) , I use three different sources of data, with the purpose of capturing the expectations of different groups of agents in the economy. The first source is the University of Michigan Survey of Consumers, which measures households' inflation expectations. The data that I employ for the baseline analysis are the "median forecast of price changes over the next 12 months", available from the University of Michigan Surveys 1 See Coibion and Gorodnichenko (2015) for a discussion of the interpretation of this variable in alternative structural models of the Phillips Curve.
2
The random walk process assumed in (3) is quite general, but other approaches to model long run inflation expectations within the context of the NKPC are also possible. For instance, see the framework used in Baştürk et al. (2014) . 3 The natural rate of unemployment could also be estimated using a similar econometric model as the one employed for π e t . However, treating both the natural rate and inflation expectations as unknown would have made the estimation of the full framework quite challenging. Given that the focus of this paper is on expectations, I decided to simply use the measure of the natural rate computed by the CBO and treat the variable x t as fully observable. 4 Monthly variables were transformed into quarterly by taking averages of the months in the quarter. The data for π t , u t , and u N t were all downloaded from the FRED Federal Reserve Bank of St. Louis webpage.
Econometrics 2018, 6, 6 4 of 20 of Consumers webpage. The series is monthly and was transformed to quarterly observations for the period 1978 : I − 2017 : I I I. 5 The second source of data reflects the market's inflation expectations. The specific measure that I employ is maintained by the Federal Reserve Bank of Cleveland, which uses "Treasury yields, inflation data, inflation swaps, and survey-based measures of inflation expectations to calculate the expected inflation rate (CPI)". 6 The series includes monthly data starting from January 1982, which were transformed to quarterly observations from 1982 : I to 2017 : I I I. The last source of data that I employ is the Survey of Professional Forecasters. The inflation forecasts contained in this survey are widely used to approximate expectations in empirical macroeconomic research. The specific series that I use are the median of the respondents' forecasts of headline and core CPI inflation for the current period, the next period, and the next year (i.e. the average of the next four quarters). The data are quarterly; for headline CPI the sample starts in 1981 : I I I, while for core CPI the data are only available from 2007 : I.
Empirical Strategy
Using a framework with time-varying parameters, Blanchard (2016) shows that the slope of the NKPC decreased after 1985, a result that is supported by the estimations of Coibion and Gorodnichenko (2015) . In order to account for this result, I follow the approach adopted by Coibion and Gorodnichenko (2015) and I estimate a modified version of the NKPC:
where I 85 t is an indicator variable that takes the value of 1 for t ≥ 1985 : I. 7 The parameter γ captures the possible shift in the slope of the NKPC that happened in the mid-1980s.
The framework composed of Equations (4), (2), and (3) is estimated using Bayesian methods. The measure of interest is the joint posterior distribution of all the parameters of the model, together with the histories of the time-varying intercept δ t and expectations π e t . The estimation is performed through a Markov Chain Monte Carlo (MCMC) procedure which uses the data and the (known) conditional distributions of the parameters and variables of interest to obtain draws from their (unknown) joint posterior.
The empirical model to be estimated can be written in vectorial form as:
Notice that S is a 2 × 2 matrix with zeros everywhere, except for the element in 5 Two additional exercises use the median forecast of price changes over the next 12 months for different demographic groups, and the median forecast of price changes over the next 5 to 10 years. As for the baseline series, these additional data were obtained from the University of Michigan Surveys of Consumers webpage and transformed into quarterly observations. 6 The methodology used to compute this series is described in Haubrich et al. (2008). 7 Equation (4) is not exactly the same as the one estimated by Coibion and Gorodnichenko (2015) , because I do not include the indicator variable I 85 t by itself as an additional variable. Thus, the model described by (4) is only able to capture a shift in the slope β, but not in the intercept α. This choice was forced by the fact that adding one more parameter considerably decreased the precision of all the estimated parameters of the NKPC. Thus, I decided to include the indicator variable only in the form of an interaction with x t , which still allows the model to incorporate possible shifts in the slope of the NKPC, without increasing the dispersion of the estimates to a troublesome degree.
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where IW (S, v) denotes the Inverse Wishart distribution with scale parameter S and v degrees of freedom. The assumptions about the priors follow previous works that use Bayesian methods to estimate models similar to (5)- (7), in particular Primiceri (2006) . The vector B of (time invariant) parameters of the NKPC is assumed to have a Normal prior distribution. The priors for the initial state of the vector D t , denoted by D 0 , and the initial value of expectations, denoted by π e 0 , are also assumed to be normally distributed. These assumptions are standard in the literature. For the vector B, the Normal prior and the Gaussian conditional likelihood of the data implied by (5) give a conditional posterior that is also a Normal distribution, with parameters that can be computed using simple formulas. For the vector D t and expectations π e t , the priors (9) and (10), together with the laws of motion given by (5)-(7) and the assumptions about the distributions of the shocks of the model, imply that the conditional posteriors of D T and π e,T are known. Further details about these distributions are provided in the Appendix A. With respect to the variances of the shocks, the assumptions on their distribution are restricted by the fact that variances need to be non-negative numbers. The standard choice in the literature is to use an Inverse Wishart distribution, which is defined on positive-definite matrices. In Bayesian estimation, this assumption is convenient also because it allows to exploit the properties of conjugate priors. In the specific framework under analysis, the variances σ 2 e , σ 2 v , and σ 2 s , are assumed to be independent of each other and to have each an Inverse Wishart prior as defined by (11)-(13). 8 The corresponding conditional posterior probabilities are detailed in the Appendix A.
The parameters of the prior distributions (8) π t−j . I employ the approximated expectations, together with the observations for π t and x t , to estimate Equations (5) and (6) by OLS, using a time-invariant intercept in the equation for inflation expectations. I then exploit the results of these regressions to set the parameters of the prior distributions. In the Normal prior (8), B OLS is the estimated vector of parameters B obtained from (5) and V( B OLS ) is the variance of this estimate. Similarly, in the Normal prior (9), D OLS is the estimated vector of parameters D obtained from (6) and V( D OLS ) is the variance of this estimate. In (10), π e 0 denotes expected inflation at time 0 of the estimation period, i.e. in 1967 : IV. In the Normal prior for this variable, the mean π e T 0 is the approximated value of expectations for the last period of the training sample, and V (π e ) is the variance of π e t in the training sample. In the Inverse Wishart priors for σ 2 e and σ 2 v , the parameters Φ 0,e and Φ 0,v are the variance of the residuals in the OLS regressions of Equation (5) and (6), respectively. In both (11) and (12), T 0 is the number of observations in the training sample. Finally, Φ 0,s is the variance of the OLS estimate of the time-invariant intercept in (6). In the prior for σ 2 s , the scale parameter is multiplied by the factor k 2 s = (0.01) 2 and the degrees of freedom are set to 2, which corresponds to the dimension of σ 2 s plus one. The assumptions on the prior for σ 2 s follow Cogley and Sargent (2001) and Primiceri (2005) ; they are adopted to avoid an excessive time-variation of δ t and to ensure, at the same time, that this time variation is driven by the data and not by the choice of parameters in (13). The results are almost unaffected if alternative values of k s (for instance, 0.1 or 0.5) are used instead.
The conditional posteriors of the parameters and variables of interest can be obtained from the prior distributions, using the likelihood of the data and the properties of conjugate priors. These posteriors are then employed in the MCMC algorithm to produce draws from the unknown joint posterior distribution of the parameters α, β, γ, ρ, σ 2 e , σ 2 v , σ 2 s and histories δ T and π e,T . The MCMC method is a simulation procedure used to generate draws from unknown (or complex) joint posterior distributions. The algorithm samples successively from known distributions, which in the framework under study in this paper are the conditional posteriors of the parameters of the model and histories δ T and π e,T . The " chain" structure of the procedure implies that each new set of values is drawn conditional on the values obtained in the previous step of the sequence. Once the algorithm has converged, the additional draws will have the same distribution as if they were sampled from the true joint posterior of interest.
In the model described by (4), (2), and (3), the MCMC procedure is implemented according to the following sequence. First, a history D T = δ T , ρ is drawn conditional on π e,T and the parameters σ 2 v and σ 2 s . A value for σ 2 s can then be sampled given D T . Second, a history π e,T is drawn conditional on δ T , the parameters B, σ 2 e , and σ 2 v , and the data. A value for σ 2 v can then be sampled given π e,T , D T , and σ 2 s . Finally, values for B and σ 2 e can be drawn conditional on π e,T and the observed data. The first 200,000 draws are discarded as burn in period, then one every 300 draws is saved until a total of 1000 is retained. The Appendix A provides a detailed description of the MCMC procedure and its implementation.
Results
The MCMC algorithm outlined in the previous section delivers 1000 draws from the joint posterior distribution of the parameters α, β, γ, ρ, σ 2 e , σ 2 v , σ 2 s and histories δ T and π e,T . These values are used to produce the results discussed in this section. The algorithm converges quickly and is quite insensitive to changes in the assumptions about the parameters of the prior distributions. 9 The plots of the retained draws do not exhibit evident autocorrelation patterns and, overall, the procedure seems to perform well given the framework and the data at hand. Some convergence diagnostics are presented in the Appendix A.
The estimated path of inflation expectations is reported in Figure 1 . This figure shows the median value of the retained draws of π e t for each time t; the dotted bands are the 16th and 84th percentiles of the draws. The figure also reports the path of the inflation rate for comparison. Figure 2 provides some further information by plotting the difference between the actual inflation rate and the median of the draws of π e t . These figures show that the estimated expectations quite closely track the behaviour of the actual inflation rate, but their changes over time are smoother. Expectations mistakes are larger in more turbulent times, as for instance in the 1970s or during the recent financial crisis. Overall, the estimated expectations seem to exhibit a behaviour that is consistent with what we would have anticipated, and that is relatively easy to rationalize. 9 I experimented with a range of different values for π e T 0 and for the mean in the prior for D 0 . I also tried to increase the dispersion of the Normal priors (8), (9), and (10), by multiplying the original variances by 4. Finally, I included factors k 2 e and k 2 v in (11) and (12) in addition to (13), and I experimented with different values for these factors. Neither the results nor the convergence of the algorithm were substantially affected by any of these changes. Figure 3 analyses the estimated history of inflation expectations and its components in more detail. More specifically, the figure reports the median value of the retained draws of δ t for each time t; the dotted bands are the 16th and 84th percentiles of the draws. The figure also shows the median path of π e t . It is clear from this figure that the contribution of the time-varying intercept δ t to the pattern of expectations is quite moderate. The estimated expectations do not seem to feature any sizeable permanent changes during the time period under analysis, and starting from the mid 1980s, the median value of δ t stabilizes around values in the range 0.4-0.6.
The estimated parameters of the model are reported in Table 1 . This information can be used to study the time-series properties of π e t . The median value of ρ (0.7606) indicates that inflation expectations are quite autocorrelated over time. As predictable given the path of δ t shown in Figure 3 , the volatility of the permanent shocks s t is very small (0.0273). The transitory shocks v t have much larger volatility, and because of the autocorrelation implied by the magnitude of ρ, they are predicted to have long lasting effects on the path of π e t . The slope of the Phillips curve (i.e. the parameter β) reported in Table 1 is in the range of values obtained in recent works using similar models of the NKPC (Blanchard et al. 2015; Coibion and Gorodnichenko 2015; Svensson 2015; Blanchard 2016) . The estimates point in the direction of a shift in the slope of the Phillips Curve in the mid-1980s, although the parameter γ is not statistically significant. The results are consistent in magnitude with the time-varying slope estimated by Blanchard et al. (2015) and Blanchard (2016) , and with the values of both β and γ obtained by Coibion and Gorodnichenko (2015) . 10 Finally, the value of ρ and the path of δ t can be used to study the behaviour of long run inflation expectations based on the interpretation of the time-varying intercept as δ t = (1 − ρ)π * t . The value of π * t computed using this relationships has been in the range 1.5%-2.5% since the late 1990s. Thus, the estimated model does seem to suggest that long run inflation expectations have been "anchored" to the target rate for quite a few years. This result is again consistent with the conclusions of Blanchard (2016).
Comparison with the Observable Data on Expectations
Next, I study the extent to which the estimated path of π e t is comparable to the available inflation forecasts data series described in Section 3. Figures 4 and 5 report the median, and 16th and 84th percentiles, of the retained draws of π e t , together with the Michigan, Cleveland, and SPF measures of inflation expectations. For the SPF, I report the inflation forecasts for the next quarter (denoted as t + 1) and for the next year (denoted as y). Figure 4 shows all the available data, while Figure 5 focuses on the sub-sample 2007 : I − 2017 : I I I, which is the period under analysis in Coibion and Gorodnichenko (2015) . Tables 2 and 3 report information about the correlations between the estimated path of π e t and the observable measures of inflation expectations. For each measure, one correlation value is computed with each of the 1000 retained draws of π e,T ; the tables report the median, 16th and 84th percentiles of these values. Table 2 uses all the available data, while Table 3 splits the sample in two periods: before 2007 : I (excluded) and after 2007 : I (included). Again, the analysis on the split sample is done to compare the results with those of Coibion and Gorodnichenko (2015) . In this table, the data from the SPF includes one additional variable, inflation forecasts for the current period, for both headline and core CPI. 11 Table 2 . Correlations between the estimated path of expectations and different measures of inflation forecasts, all available data. For each measure, the table reports the median, together with the 16th and 84th percentiles, of the 1000 correlations computed using the retained posterior draws of π e,T . 5 show that, in most periods, the estimated path of π e t mimics the behaviour of several of the available measures of inflation forecasts. These results are confirmed by the correlations reported in Tables 2 and 3 . Most notably, the forecasts of the University of Michigan Survey of Consumers are found to be very highly correlated with the estimated expectation, particularly in the part of the sample before 2007 (the median correlation is 0.9128 for this period). In addition, Figure 5 shows that the forecasts of the Michigan Survey still behave quite similarly to the estimated π e t in the years from 2007 to 2012 (result that is consistent with the findings of Coibion and Gorodnichenko 2015), but the relationship seems to become weaker after 2012. In general, Table 3 suggests that for several of the measures the correlation with the estimated π e t decreases after 2007, with the exception of the expectations computed by the Federal Reserve Bank of Cleveland and the SPF forecasts of headline CPI inflation for the current period.
Correlations
The findings of this paper contribute to the discussion about the "missing disinflation" puzzle, which is the focus of the analysis of Coibion and Gorodnichenko (2015) . This puzzle refers to the absence of disinflation during the recent Great Recession, when the "slack" in the economy was very high so, according to standard models of the Phillips curve, the inflation rate should have been much lower. A model of the Phillips Curve as the one described by (1) will rationalize the variation in π t as due to changes in the measure of slack x t , to realizations of the shocks e t , and to the behaviour of expectations. The specific framework employed in this paper allocates this variation among x t , e t , and π e t , by estimating the parameters of the models jointly with the entire history π e,T . This implies that, by construction, any missing disinflation (or excess inflation) arising from the estimated model will be accompanied by a path π e,T that can rationalize it. The exercise of comparing the observable measures of expectations to the estimated history π e,T can thus also provide information on the extent to which each of these measures can explain the missing disinflation. As shown in Figure 5 , in the years from 2007 to 2012 the inflation forecasts of the Michigan Survey appear to more closely track the behaviour of the estimated expectations relative to the Cleveland or SPF forecasts. This result suggests that, indeed, the expectations of households recorded in the Michigan Survey can explain the missing disinflation puzzle, consistently with what argued by Coibion and Gorodnichenko (2015) and Binder (2015) .
To provide a more thorough analysis of the similarities between the estimated π e,T and the observable inflation forecasts, I computed a few other statistics in addition to the correlations reported in Tables 2 and 3. These statistics are the average, variance, and first order autocorrelation of the expected inflation series. The results obtained using all the available data are shown in Table 4 , while Tables 5 and 6 focus on 3 different sub-periods: the period before the Great Moderation (1978) (1979) (1980) (1981) (1982) (1983) (1984) , the Great Moderation , the Great Recession and post-Great Recession period (2007) (2008) (2009) (2010) (2011) (2012) (2013) (2014) (2015) (2016) (2017) . 12 For simplicity of the analysis, in this exercise I only used the median of the retained draws of π e,T .
Tables 4 and 5 show that the estimated expectations and the observable inflation forecasts imply very similar average expected inflation rates, although the differences are slightly larger for the period 2007-2017 (see Table 5 , third column). In terms of variances, Table 4 suggests that the estimated series π e,T is generally more volatile than the observable measures of expectations. However, the results reported in Table 6 indicate that there are some differences across measures and across periods. For instance, the expectations recorded in the Michigan Survey exhibit a volatility that is quite high, and almost comparable to that of π e,T , in the sub-sample 1978-1984 but not in later years. On the other hand, the SPF forecasts of headline CPI inflation for the current period are as volatile as the estimated expectations across the entire sample period. The variance of all the other observable measures of expectations is lower, particularly in the years from 2007 to 2017. Finally, Tables 4 and 7 report the first order autocorrelations of the series. The Michigan Survey data and the estimated expectations exhibit very similar autocorrelations; this is true across the entire sample period under analysis. With respect to the other measures, many of them (specifically, the SPF inflation forecasts for the next period or the next year and the Cleveland inflation expectations) seem to be more autocorrelated than the estimated π e,T , especially during the sub-period 1985-2006.
Theoretical models of the NKPC are typically clear about what type of expectations should be included in equations like (1). For instance, in the standard New Keynesian model presented in Galì (2008) , expectations are assumed to be formed at time t for the horizon t + 1. As these models are often interpreted in terms of quarterly data, the horizon for which they assume expectations to be formed is in fact very short. The framework that I employ in this paper, however, is built to simply reverse-engineer a path of the variable π e t , that evolves according to (2), and that captures the fraction of the variation of π t that cannot be explained by x t or attributed to the shock e t . This implies that the estimated path of π e t could, in practice, reflect different types of expectations. Overall, the results presented so far seem to indicate that the short term measures of expectations employed in the analysis resemble the estimated path of model-consistent expectations in several directions. However, longer term expectations could in principle perform equally well.
In order to address this question, I considered one additional observable measure of expectations: the Michigan Survey "median forecast of price changes over the next 5 to 10 years". I examined the correlation with the estimated π e,T , in addition to the variance and the autocorrelation of the series, and I compared these statistics to those obtained in the first part of the analysis for the Michigan Survey "median forecast of price changes over the next 12 months". As the forecasts over the next 5 to 10 years are only available starting from 1990, I computed all the statistics for the full sample 1990-2017, and for the two sub-samples 1990-2006 and 2007-2017 . The results of this exercise are reported in Table 8 . The table shows that for almost all the calculated statistics, the estimated path of expectations is more similar to the forecasts of inflation over the next 12 months than to the forecasts over the next 5 to 10 years. This result seems to indicate that the estimated history π e,T more closely mirrors expectations for the short horizon, in line with the theoretical assumptions of the NKPC model. However, the differences emerging from Table 8 are not very large, and do not allow to make strong statements in this respect. Table 4 . Average, variance, and first order autocorrelation of the estimated path of expectations and different measures of inflation forecasts, all available data. For the estimated expectations, these statistics were computed using the median value of the 1000 retained posterior draws of π e,T .
Average
Variance Autocorrelation Table 8 . The table reports the correlations with the estimated expectations, the variances, and the autocorrelations, of two observable measures of expectations: "Michigan" and "Michigan 5 years". "Michigan" refers to the measure used in the baseline analysis, i.e. the Michigan Survey "median forecast of price changes over the next 12 months". "Michigan 5 years" is the Michigan Survey "median forecast of price changes over the next 5 to 10 years". The results are presented for all the available data , and for two different sub-periods (1990-2006 and 2007-2017) . The path of π e,T estimated in this paper could capture different types of expectations not only with respect to the horizon of reference, but also in other dimensions. For instance, these expectations could refer to alternative measures of inflation, or they could reflect the forecasts of some groups of the population more than others. In terms of inflation measures, the SPF data used in the paper include both headline and core CPI inflation forecasts. This choice was an attempt to account for the fact that agents could base their expectations over different measures of inflation. Unfortunately, the core inflation forecasts are only available for a very short period of time, so the results of this analysis are only indicative. With respect to the expectations of different demographic groups, the recent work of Binder (2015) has shown that their impact on the dynamics of inflation might not be uniform. 13 To explore this direction in more depth, I performed one last exercise in which I studied the correlations between the estimated expectations and the Michigan Survey "median forecast of price changes over the next 12 months" for different demographic groups. In this exercise, I used all the available disaggregated data, for all the available years. The results are reported in Table 9 ; the first row reproduces the results obtained from the aggregate data, for comparison. The table shows that the correlation between the estimated expectations and the survey data is roughly the same across regions, and is not affected by the gender of the respondents. The forecasts of respondents over 55 years of age or in the bottom 33% income group are less correlated to the estimated π e,T and, in general, the correlations increase with the income and education of the respondents. These results are consistent with those reported by Binder (2015) , although, overall, the differences among demographic groups emerging from Table 9 do not seem to be very large. Table 9 . The table reports the correlations between the estimated expectations and the Michigan Survey "median forecast of price changes over the next 12 months" for different demographic groups. For each group, the table reports the median, together with the 16th and 84th percentiles, of the 1000 correlations computed using the retained posterior draws of π e,T . The results are computed using all the available data for each group.
1990-2006

Correlations 16th Median 84th
Michigan aggregate (sample 1978-2007) As previously mentioned, I performed several robustness checks using different values of the parameters in the prior distributions (more specifically, the means and variances of the normal distributions and the scale parameters of the Inverse Wishart distributions). I also experimented with different burn in periods and sampling lengths in the MCMC estimation procedure, as detailed in the Appendix A. Finally, I repeated the estimation using core or headline PCE instead of CPI to compute π t . The main results of the paper were materially unaffected by these changes.
Conclusions
This paper employed an econometric model to estimate the model-consistent path of inflation expectations emerging from the NKPC and the data. The estimated expectations are relatively persistent and do not exhibit large permanent shifts during the period under analysis, not even following major events as for instance the recent financial crisis. These results can be interpreted as providing evidence of the anchoring of long run inflation expectation to the target rate.
The path of expectations estimated in this paper shows the strongest correlation with the inflation forecasts of households recorded in the University of Michigan Survey of Consumers. This is true especially for the period before 2012. This result strongly supports the argument of Coibion and Gorodnichenko (2015) , who suggest that households forecasts are the most model-appropriate measure of expectations in the context of the NKPC, as they are close to the expectations of firms which are not observable in the data.
Clearly, the results of this paper are model dependent, as the MCMC procedure used to estimate the path of expectations exploits the equation of the NKPC. In addition, this work does not make any structural assumptions about the way in which expectations are formed, and how they would change following a change in policy. In this sense, the analysis is fully positive, and does not aim at making statements about policy recommendations. Despite these caveats, I do believe that the results of this paper are important for the literature on monetary policy analysis in the context of the NKPC. In particular, the conclusions of this paper are in line with the recommendations of Coibion and Gorodnichenko (2015) and Coibion et al. (2017) about the use of survey data, in particular household inflation forecasts, as a proxy for expectations in monetary policy analysis.
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This expression can be used to draw a history D T . The values D t|t+1 and P D t|t+1 can be obtained from the "Kalman smoother" of Carter and Kohn (1994) . The smoother is based upon a forward recursion (the Kalman filter) that delivers the final values D T|T and P D T|T , and on a subsequent backward recursions that gives each D t|t+1 and P D t|t+1 . 14 The formulas of the forward recursion, applied to the specific model under analysis in this paper, are:
The initial values of the recursion, D 0|0 and P D 0|0 , are set using data from the training sample, as discussed in the main text.
The final values of the recursion, D T|T and P D T|T , can be used to draw a value for D T from N D T|T , P D T|T . Then, this value can be used in the first step of the backward recursion to obtain D T−1|T and P D T−1|T , and then these values can be used to draw a value for D T−1 from N D T−1|T , P D T−1|T . The process can be repeated for all t. The generic formulas of this backward recursion are:
Notice that, because of the form of the matrix S, this approach will deliver 2 × 1 vectors D t which are composed of a time-varying δ t and a time-invariant ρ (i.e. the value of ρ will be the same for all t), consistently with the model described by (2) and (3).
Drawing a Path of Inflation Expectations
Given the history δ T , the data, and the parameters of the NKPC, the conditional distribution of π e,T can be written as: p π e,T | Y T , ψ 1 , ψ 2 , σ 2 v = p π e,T | Y T , δ T , ψ 1 , σ 2 v . This density can be factored again following Carter and Kohn (1994) as:
The procedure for drawing π e,T is exactly the same as the one used for δ T . Notice that the equation of the NKPC can be re-arranged as: π t − X PC t B = π e t + e t . Given the data and the parameters in ψ 1 , the left hand side of this equation is known. The formulas of the forward recursion used to obtain π e T|T = E π e T | Y T , δ T , ψ 1 , σ 2 v and P e T|T = Var π e T | Y T , δ T , ψ 1 , σ 2 v are: π e t|t−1 = δ t + ρπ e t−1|t−1 P e t|t−1 = ρ 2 P e t|t−1 + σ 2 v K e t = P e t|t−1 (P e t|t−1 + σ 2 e ) −1 π e t|t = π e t|t−1 + K e t (π t − X PC t B − π e t|t−1 ) P e t|t = P e t|t−1 − K t P e t|t−1
The initial values of the recursion, π e 0|0 and P e 0|0 , are again set using data from the training sample, as explained in Section 3.1. The values π e T|T and P e T|T can be used to draw a value for π e T from N π e T|T , P e T|T , this value can be employed to obtain π e T−1|T and P e T−1|T , which can then be used to draw a value for π e T−1 from N π e T−1|T , P e T−1|T , and so on. The formulas of the backward recursion are: π e t|t+1 = π e t|t + ρP e t|t P e t+1|t −1 π e t+1 − δ t+1 − ρπ e t|t P e t|t+1 = P e t|t − ρ 2 P e t|t P e t+1|t −1 P e t|t Drawing σ 2 v and σ 2
Convergence of the MCMC Algorithm
The results do not change if the number of discarded draws is decreased to 50,000 or increased to 500,000. The results remain unaffected as well if one every 50 or one every 100 draws are saved.
In order to further assess the convergence of the MCMC algorithm, I studied the autocorrelations of the draws. I first verified that the plots of the retained draws do not exhibit evident autocorrelation patterns. To substantiate the results of this graphical analysis, I then computed the autocorrelation functions of the draws. Below, I report the results for the 1st and 10th order autocorrelations; Table A1 refers to the parameters of the model and Figure A1 to each π e t and δ t in the histories π e,T and δ T . All of these autocorrelations are very small, often smaller than 0.05 in absolute value, confirming that the convergence of the MCMC algorithm does not seem to be a reason for concern in this exercise. 
